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Abstract

This paper proposes two new unit root tests that are appropriate in

the presence of an unknown number of structural breaks. One is based on

a single time series and the other is based on a panel of multiple series. For

the estimation of the number of breaks and their locations, a simple pro-

cedure based on outlier detection is proposed. The limiting distributions

of the tests are derived and evaluated using simulation experiments. The

implementation of the tests is illustrated using as an example purchasing

power parity.
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1 Introduction

During the last decade, a great deal of research has focused on the search for

the best way to characterize or model the dynamic properties of macroeconomic

and financial time series. Specifically, the distinction between unit root and

stationary processes has become a dominant topic in time series econometrics.

Due to its far-reaching economical implications, it has also become a central issue

in empirical research, where it has been concluded that many time series can be

characterized as unit root processes. The perhaps most canonical example being

purchasing power parity (PPP) where the nonstationarity of the real exchange
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rate has been frequently documented, see for example Choi (2004) for a good

review of the recent literature.

An important feature common to most unit root studies this kind is the

assumption of parameter stability, or no structural change, and there has been

only a few recent attempts to relax it. Yet, ever since the seminal article of Per-

ron (1989), researchers have been well aware of the potential hazards of falsely

imposing parameter stability when testing for a unit root. Indeed, as Perron

(1989) showed, the ability to reject the unit root null can decrease substan-

tially when the stationary alternative is true but existing structural breaks are

ignored.

This is important because the way in which traditional unit root testing is

carried out typically involves employing time series that span extended periods

of time, which obviously increases the probability of a structural break. The

implication is that the inability of many empirical studies to reject the unit root

null may well be due to an erroneous omission of structural breaks.

In a recent article, Amsler and Lee (1995) remedy this critic by developing

a new test based on the Lagrange multiplier (LM) principle. The test, which

builds on earlier work by Schmidt and Phillips (1992), relaxes the assumption of

parameter stability by assuming that the level of the series suffers from a single

exogenous break. The authors show that the asymptotic distribution of the test

does not depend on the usual nuisance parameter representing the location of

the break. This unusual feature is of course very convenient as it implies that

the same critical values can be used regardless of the location of the break.

Lee and Strazicich (2003) take issue with the preference of Amsler and Lee

(1995) to treat the break as known, and suggest endogenizing their test using

the Zivot and Andrews (1992) break estimation procedure. Specifically, a two-

break test is suggested where the breakpoints are estimated at the minimum

of the test statistics from across all allowable break dates. However, fixing the

number of breaks to two is as arbitrary as one, and there is a need to permit

not only the locations but also the number of breaks to be unknown. Moreover,

for reasons to be explained later, the minimum LM test is expected to suffer

from distortions in small samples.

In this paper, we build on the results of Amsler and Lee (1995) and generalize

their test to the case when there is an unknown number of breaks in the level of

the series. To estimate the unknown breakpoints, we consider a new procedure

based on outlier detection, which is advantageous for at least two reasons. First,

it is simple and computationally less intensive than other procedures such as

that of Zivot and Andrews (1992). Second, it valid under both the unit root

null and stationary alternative, which makes the outcome of the test easy to

interpret.

Moreover, given the potential loss of power from ignoring breaks in single

time series, it is logical to expect a similar effect when testing for a unit root

using a panel of multiple time series. We therefore also propose a panel version
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of our new test, which can be viewed as a generalization of the exogenous one-

break panel test studied by Im et al. (2005).

The limiting distributions of the tests are provided and their small-sample

properties are investigated through a small simulation study. The results suggest

that the asymptotic properties of the tests are borne out well in small samples

with small size distortions and good power. This leads us to the conclusion that

the new tests should be a valuable addition in applied work. The implementation

of the test is also illustrated empirically using as an example PPP. Using a

post-Bretton Woods panel covering 21 countries, we show that in contrast to

what many authors have claimed, the failure of PPP cannot be attributed to

structural change.

The rest of this paper is organized as follows. Section 2 presents the new

time series test and its limiting distribution under the null of a unit root with

exogenous breaks. The test is then extended first in Section 3 to accommodate

unknown breaks, and again in Section 4 to handle the case with panel data.

Section 5 is concerned with the Monte Carlo study whereas Section 6 contains

the empirical application. Section 6 concludes.

2 A unit root test with multiple breaks

In this section, we generalize the unit root test of Amsler and Lee (1995) to

allow for multiple breaks. Towards this end, we will assume that the time series

variable yt, indexed t = 1, ..., T , can be described as

yt = α + τt +

K∑

j=1

δjDt(T
b
j ) + zt, (1)

∆zt = φzt−1 +

p∑

j=1

γj∆zt−j + et. (2)

The dummy variables Dt(T
b
j ) represent the structural breaks. In particular, if

we let T b
j denote the location of break number j = 1, ...,K, then Dt(T

b
j ) = 1 if

t > T b
j and zero otherwise. Thus, in this model, α represents the level of the

series before any break takes place and δj represents the change in the level at

the time of break j. The disturbance et is assumed to be mean zero and serially

uncorrelated.

In this simple setup, the problem of testing the null hypothesis of a unit

root is equivalent to testing H0 : φ = 0 versus H1 : φ < 0, which, as shown by

Amsler and Lee (1995), can be implemented using the following regression

∆Ŝt = constant + φŜt−1 +

p∑

j=1

γj∆Ŝt−j + error. (3)
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The variable Ŝt is defined as

Ŝt = yt − α̂ − τ̂ t −
K∑

j=1

δ̂jDt(T
b
j ),

where α̂ = y1 − τ̂ − ∑K
j=1

δ̂jD1(T
b
j ) is the restricted maximum likelihood

estimate of α under the null hypothesis. The corresponding estimates τ̂ and

δ̂ of τ and δ are obtained by running least squares on (1) in first differences.

That is, τ̂ and δ̂ are obtained from the following least squares regression

∆yt = τ̂ +

K∑

j=1

δ̂j∆Dt(T
b
j ) + error. (4)

As pointed out by Schmidt and Phillips (1992), a natural way to test the

hypothesis of H0 versus H1 is to use the conventional t-statistic for testing the

zero restriction on φ in (3).1 Let us denote this statistic by τφ. To be able

to obtain the limit distribution of τφ, we need to ensure that the breaks are

asymptotically distinct. For this reason, it is assumed that T b
j is set as a fixed

fraction λj ∈ [0, 1] of T such that T b
j = λjT and λj > λj−1 for all j. The limit

is taken as T → ∞ in a sequence that ensures an integer value of Tj . For now,

K and λj will be treated as known suggesting an completely exogenous break

structure.

Under these conditions, it is possible to show that

τφ ⇒ − 1

2

(∫
1

0

U(r)2dr

)−1/2

as T → ∞, (5)

where W (r) is a standard Brownian motion on the unit interval r ∈ [0, 1],

V (r) = W (r) − rW (1) is a Brownian bridge and U(r) = V (r) −
∫

1

0
Vi(s)ds is a

demeaned Brownian bridge. The proof of (5) proceeds in the same fashion as

in Ahn (1993) and Amsler and Lee (1995), and is therefore omitted

There are several things about (5) that are worthy of further discussion.

Firstly, since U(r) is independent of K and λj , the distribution of the test is

invariant with respect to both the number of breaks as well as their locations

under the null hypothesis. This is of cause very convenient because it means

that we may use the same critical values as given in Tables 1A and 1B of Schmidt

and Phillips (1992) for their non-break test, and proceed as if there where no

breaks at all. If τφ is smaller than the appropriate critical value, the unit root

null is rejected.

Secondly, since the breaks are allowed under both the null and alternative

hypotheses, there is no confusion about the interpretation of the test outcome.

1Another advantage with choosing H0 and H1 in this way is that it circumvents the well-
known problem of size distortion when testing the null of stationarity in the presence of serial
correlation, see for example Craner and Kilian (2001).
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Consider for example the recently proposed unit root test of Kapetanios (2005),

which is similar to ours in the sense that it is general enough to allow for

more than one break. The problem with this test is that the breaks are only

permitted under the stationary alternative. Thus, a rejection of the null does

not necessarily imply a rejection of a unit root per se but rather a rejection of a

unit root without breaks, which calls for careful interpretation of the test result

in applied work. In particular, with breaks under the null, researchers might

incorrectly conclude that a rejection of the null indicates evidence of stationarity

with a break, when in fact the series is nonstationary with breaks.

Similarly, Gadea et al. (2004) propose a test for the joint hypothesis of

a unit root and no breaks, with which they find evidence of a stationary real

exchange rate suggesting that PPP holds. The above discussion suggests that

this conclusion may be misleading in the sense that the proposed test cannot

discriminate between PPP and a nonstationary real exchange rate with breaks.

Thirdly, because the test is asymptotically similar with respect to the breaks

under the null, the limit distribution will be unaffected if we were to dispense

with the assumption of known breaks, which is likely to be unduely restrictive

for most empirical purposes. In fact, as shown by Amsler and Lee (1995), the

asymptotic distribution of the test remains the same even if the breaks are mis-

placed. Hence, the distribution is unaffected even if we employ an inconsistent

estimator of the breakpoints. The problem is that incorrect placement or ex-

clusion of the breaks makes the test biased towards accepting the null. Thus,

although the breaks do not affect the null distribution, they do affect the test

by reducing its power, which is why accounting for them is important.

3 Unknown breaks

In this section, we relax the assumption of known breaks. In so doing, we

propose a very simple detection procedure that can be employed to estimate

the breaks from the data.

Arguably, the single most popular unit root testing procedure with unknown

breaks is that of Zivot and Andrews (1992), in which a single breakpoint can be

estimated via grid search at the minimum of the individual unit root test statis-

tics from across all possible breakpoints. However, as pointed out by Kapetanios

(2005), extending this one-break grid search to K breaks is clearly computa-

tionally extremely demanding and practically infeasible for K > 3.2 Another

drawback of this approach is that K must be known. Thus, it is not possible to

test whether the number of breaks in fact is equal to K or not.

Moreover, with an invariant test such as ours, this method may well result in

an overrejection of the unit root null in small samples. As an example, consider

the Lee and Strazicich (2003) proposal, which, in their model A, amounts to

2See Gadea et al. (2004) for a good discussion and illustration of this issue in the context
of PPP.
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applying the Zivot and Andrews (1992) procedure to the two-break τφ test. The

authors argue that because the test is invariant, taking the minimum should not

affect asymptotic distribution of the test. The critical values should therefore

be the same as for the exogenous test of Schmidt and Phillips (1992).

However, this is not entirely true. The problem is that by taking the mini-

mum, the authors are essentially taking an order statistic and treating it as an

ordinary test statistic, which is likely to result in size distortions. The intuition

is that because the same critical values are used, the minimum statistic will tend

to be too large in absolute value, thus making the test biased towards rejecting

the unit root null. Moreover, since the test does not depend on the break, the

precision of the estimated breakpoints is likely to be very poor.

A more feasible approach that does not require the knowledge of K is to treat

the estimation problem as a model selection issue, and to estimate the break-

points at the minimum of the sum of squared residuals from (3). This approach

is taken by Kapetanios (2005), who proposes a vary efficient grid search scheme

that requires only O(T ) least squares operations for any K. Unfortunately,

this procedure only guaranties consistent estimates of the break fractions under

the stationary alternative, and it may therefore be worthwhile to seek other

alternatives.3

An even simpler approach, that is perhaps more natural in our case, is to

treat the estimation problem as one of outlier detection, and to estimate the

breaks from the first differenced regression in (4), which is always stationary,

rather than from (3). The standard approach to do this is to estimate (4) and

construct a t-test for the presence of an outlier. Such a test is constructed for

all possible dates and the maximum is taken. This value is then compared with

some critical value to decide if an outlier is present.

The procedure that we propose can be described as follows. With a single

outlier at time T b of magnitude δ, the model in differences can be written as

∆yt = τ + δ∆Dt(T
b) + ∆zt, (6)

where ∆Dt(T
b) = 1 if t = T b and zero otherwise, and the disturbance ∆zt is

defined in (2). If we let N denote the ratio (T − 2)/(T − 1), then the least

squares estimate of δ in the above regression can be calculated as

δ̂(T b) =
1

N

(
∆yT b − yT − y1

T − 1

)
.

Now, consider testing the null hypothesis of no outlier. Under this null, the

term within parenthesis reduces to ∆zT b − (zT − z1)/(T − 1). This implies that

the variance of δ̂(T b) can be formulated as E(∆z2

t )/N2, which can be readily

estimated using σ̂2/N2, where σ̂2 is the estimated regression variance from (6).

3Sabatè et al. (2003) uses a similar approach when testing for PPP. The problem is that
in order to estimate the appropriate number of breaks to use in the unit root test, the authors
have to assume beforehand that the real exchange rate is in fact stationary.
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By using these results, we have that the t-statistic for testing δ = 0 can be

computed as τδ(T
b) = δ̂(T b)/σ̂.

Our test statistic for the null of no outlier is given by

τδ = sup
T b

| τδ(T
b) |.

The limit distribution of τδ is invariant to nuisance parameters such as serial

correlation and heteroskedasticity but it depends on the specific distribution of

et, which is exactly the same problem as in testing for outliers in stationary time

series. The standard practice in the literature is quite arbitrary and consists of

rejecting the no outlier null if τδ is greater than some critical value between 3 and

4. As a response to this arbitrariness, Perron and Rodŕıgues (2003) simulates

critical values under the unit root null, which is shown to work well even in very

small samples.

By using on these critical values, our one-outlier detection procedure can

be implemented as follows. First, compute τδ for the entire series and compare

the it to the appropriate critical value from Table IV in Perron and Rodŕıgues

(2003). If tδ exceeds this value, then an outlier is detected at date

T̂ b = arg max
T b

| τδ(T
b) |.

To detect multiple outliers, we can follow a strategy similar to that suggested

by Vogelsang (1999), in which observations labelled as outliers are sequentially

dropped from (6). Once the outlier observation has been removed, (6) is again

estimated and tested for an outlier. This continues until the test fails to reject.

Moreover, because we are dealing with differenced series, which are stationary,

τδ is asymptotically independent at each step of the iterations. Thus, the same

critical values apply at each step.

Another advantage with this procedure is that K may be unknown. In fact,

K may be zero. If no outlier is detected, the unit root testing is carried out as

described in Section 2 with Ŝt based on no dummy variables, whereas, if there

are outliers, then Ŝt is augmented with one dummy variable Dt(T̂
b
j ) for each

estimated break date T̂ b
j . This is of course very different from the Zivot and

Andrews (1992) procedure, in which a nonzero value of K has to be stipulated

beforehand.

Yet another advantage with using τδ is that it constitutes a consistent test

regardless of whether the unit root null is true or not. This again follows from

differencing, which means that we are effectively working with stationary series

even though their levels may be nonstationary.

4 A panel data test

The results of the previous sections can be easily generalized to handle the

case with panel data, in which each series is observed over a cross-section of
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similar units such as individuals, industries or countries. For this reason, the

index i = 1, ..., N will be used to denote the cross-sectional units, while t again

denotes time. For simplicity, the panel is assumed to be balanced so that each

unit has the same number of time series observations, T .

The panel model that we consider is given by

yit = αi + τit +

Ki∑

j=1

δijDt(T
b
ij) + zit, (7)

∆zit = φizit−1 +

pi∑

j=1

γij∆zit−j + eit. (8)

Thus, we basically assume here that each of the cross-sectional units evolves

according to (1) and (2). Note that no restrictions are placed on pi, the order

of the serial correlation, or Ki, number of breaks, which are both permitted

to be completely heterogeneous. Similarly, there are no restrictions on the

heterogeneity of the locations of the breaks.

Our panel model is thus very flexible. In fact, the only restriction is that the

disturbance eit is uncorrelated across i, which is a fairly common assumption

when dealing with panel data. Of course, in applied work, this assumption can

be quite restrictive, especially when testing PPP, and Section 6 therefore sug-

gests a simple bootstrap procedure for dealing with the case of cross-sectionally

correlated data. However, for the present, we retain the no correlation assump-

tion and focus on the structural break issue.

The panel test that we propose generalizes the exogenous one-break test

studied by Im et al. (2005). Our interest lies in testing the null hypothesis

that all units are nonstationary versus the alternative that there is at least one

unit that is stationary, which can be expressed as H0 : φi = 0 for all i versus

H1 : φi < 0 for some i. Thus, in terms of our empirical application, we are

interested in testing the null of no PPP against the alternative that there is at

least some evidence in favor of PPP.4

For testing this hypothesis, we propose using the cross-sectional average

of the individual τφ statistics for each cross-section, denoted τφN . The limit

distribution of this test is readily deduced by using the independence of the

cross-section, from which it follows that, as T → ∞ followed by N → ∞
√

N(τφN − E(τφ))√
var(τφ)

⇒ N(0, 1),

where E(τφ) and var(τφ) are the expected value and variance, respectively, of

the limiting expression in (5). Numerical values of E(τφ) and var(τφ) can be

4As pointed out by Choi (2004), a rejection of H0 can be difficult to interpret since it is
not clear for which of the countries of the panel PPP holds. To alleviate this problem, the
author suggest a method to sequentially classify each country. However, since interest usually
lies in testing whether there is at least some evidence of PPP, a test of H0 versus H1 is still
informative.
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obtained using simulations. For this purpose, we generate 10, 000 random walks

of length T = 1, 000. By using these random walks as a simulated Brownian

motions, it is possible to evaluate the expression in (5) and then to compute the

moments. The simulated expectation and variance based on this method are

−1.96901 and 0.32276, respectively.5

The test is implemented in two steps. The first step is to compute the in-

dividual τφ tests using the outlier detection procedure to estimate the number

of breaks and their locations for each cross-section. In the second step, the

average of the individual tests is taken to obtain τφN , which is then standard-

ized by E(τφ) and var(τφ). If the resulting standardized test is smaller than

the appropriate left tail critical value from the normal distribution, the null is

rejected.

5 Monte Carlo simulations

In this section, we briefly investigate some of the small-sample properties of the

new tests by means of simulations, which are organized with one experiment for

the time series test and one for the panel test. All results are based on 2, 000

replications, where the first 50 time series observations in each replication is

discarded to avoid possible initial value effect. The significance level is set to

5% throughout, and all powers are adjusted for size. Computational work is

carried out in GAUSS.

5.1 Time series testing

The data is generated according to

yt =

K∑

j=1

δDt(T
b
j ) + zt, (9)

∆zt = φzt−1 + γ∆zt−1 + et, (10)

where et ∼ N(0, 1). For the structural breaks, we have two cases depending on

whether K is assumed to be known or not. In the first, K = 1 is known but the

location is unknown, while in the second, both the number of breaks and their

locations are unknown. In the latter, two values of K are considered, 1 and 2.

When K is known, the break location λ1 can be either 0.3 and 0.7, whereas

when it is unknown, λ1 = 0.3 and λ2 = 0.7 are kept fixed. Results are reported

for breaks of magnitude 2 and 5. For the size simulations, φ = 0, and for the

power simulations, φ < 0.

5Im et al. (2005) uses repeated sampling of the test statistic to compute small-sample
critical values for different combinations of T and pi. These are reported in Table 1 of their
paper.

9



In constructing the unit root test, the lag length p was selected in the same

way as in Vogelsang (1999), namely using a recursive general-to-specific t-test

on the last lag with a significance level of 5% starting at a maximum order

of T 1/3. For the outlier detection procedure, the 5% critical value from Table

IV in Perron and Rodŕıgues (2003) was used. Also, for τφ, the critical value

−3.02 was taken from Table 1A in Schmidt and Phillips (1992). To eliminate

the endpoints, 10% of the sample was truncated at both beginning and end.

We begin by considering the performance of the test when K is known. In

this case, we are interested in comparing τφ with the LMτ test of Lee and

Strazicich (2003), which also assumes a known number of breaks but estimates

their locations at the minimum of the individual test statistics. Results are also

reported for the τφ test based on the true breakpoint and for the Schmidt and

Phillips (1992) τ̃ test with no break. To be able to discriminate between the τφ

tests, we use τ̂φ to denote the test based on an estimated break. The results are

presented in Table 1.

Looking first the size results, we see that τ̃ generally performs best, which

is not unexpected given that the asymptotic null distribution of the test is

independent of the break. Hence, even though there is a break in the data

generating process, τ̃ is actually expected to perform well here. The τ̂φ test,

which accounts for the break, is almost as accurate as τ̃ , and performs only

slightly worse. None of the tests appear to be affected much by the location of

the break. This is also consistent with theory. As expected, LMτ is generally

quite oversized, even in samples with T as large as 200.

The power results generally coincide with what might be expected from the

asymptotic theory. Firstly, the power increases with T , which is presumably

a reflection of the consistency of the tests. Secondly, the power increases as

φ departs form its hypothesized value under the null. Thirdly, the no-break τ̃

test is generally the least powerful, thus corroborating the result that erroneous

omission of breaks should affect the test by lowering its power. Fourthly, τ̂φ

is almost as powerful as τφ, which suggests that the loss of power involved in

estimating the break rather than treating it as known is very small.

Next, we consider the results for the case with multiple breaks, which are

provided in Table 2. In this case, we drop LMτ and τ̃ , and concentrate on τ̂φ

and τφ. It is seen that both tests generally perform well under the null with

only small distortions. The power is generally good and it quickly increases as

T grows. As in the one-break case, τφ is most powerful.

As for the accuracy of the estimated breaks presented in Table 3, we make

the following two observations. First, the accuracy is not affected much by the

value of φ, which is consistent with our outlier detection procedure being valid

under both the unit root null and stationary alternative. Second, as expected

the accuracy depends on the magnitude of the break, and can be sometimes

be very poor when δ = 2. However, it should be noted that a break of this

magnitude is quite small in the sense that, when viewed as an outlier, it is only
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2 standard deviations of the underlying innovations. With reasonably sized

breaks, accuracy is generally very good.

5.2 Panel testing

In this case, we use (9) and (10) to generate data for N cross-sectional units. For

simplicity, all parameters are assumed to be the same for all units. Moreover,

since our panel test is nothing but an average of individual τφ statistics, many

of the conclusions drawn in the previous section applies here too. Therefore,

since the effects of serial correlation were very small, γ is set to zero.

The individual τφ statistics used in obtaining τφN are computed exactly as

described in Section 5.1. The standardized test is computed using the simulated

moments from Section 4 and compared to the 5% critical value −1.645 obtained

from the normal distribution.

The results contained in Table 4 can be summarized as follows. Firstly, size

accuracy is generally quite high with only small deviations from the nominal

5% level. In Section 5.1, for small values of T , we observed a slight tendency

for τφ to become oversized. With panel data, such distortions not only remain

but have a tendency of accumulating and to become rather serious as N grows.

Although there are no large distortions, this effect is nonetheless clearly visible

in Table 4.

Secondly, the power is very good, and it increases quickly as both N and

T grow. In particular, it is interesting to compare the results of Table 4 with

those reported in Section 5.1. The difference is striking. To take one example,

with two unknown breaks of magnitude 2, γ = 0 and T = 100, the power of τφ

is about 20%. The power of τφN in this case with 10 cross-sections is 92%, an

increase by almost a factor of five. Thus, there are potentially large power gains

to be made by exploring the cross-sectional dimension.

As a final note, we simulated the panel version of the Lee and Strazicich

(2003) LMτ test, which was used by Im et al. (2005) in their PPP application.

The results suggest that the size of this test can be very unreliable with rejection

frequencies that can be up to 10 times the nominal level. We will come back to

this in the next section when we revisit the PPP hypothesis.

6 The PPP hypothesis revisited

The PPP hypothesis is the simple proposition that national price levels should

tend to equalize when expressed in a common currency so that movements in

the real exchange rate should only reflect stationary deviation from its long-run

equilibrium level. Let pit denote the local currency price index of country i

expressed in log terms, and let sit be the log dollar price of the currency of the

same country. Also, let p∗t denote the dollar price index. The log real exchange
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rate between country i and the United States can be written as

qit = pit + sit − p∗t .

Empirically, the stationarity of the real exchange rate has been relatively

easy to evidence using data that span long periods of time. However, it has been

considerably more difficult to find such evidence for the relatively short spans

of data corresponding to the recent floating exchange rate period that followed

the collapse of the Bretton Woods system in 1973. Consequently, studies such

as Choi (2001), Choi (2004) and Papell and Theodoridis (1998) try to remedy

this absence of long span data under the recent float by using unit root tests

that are based on panel data. Yet, the results have been very mixed and far

from convincing.

Im et al. (2005) argue that this weak empirical support may be due to the

presence of structural breaks in the level of the equilibrium real exchange rate.6

If this is the case, then conventional panel data tests based on no break will

suffer from low power, which could explain the inability of earlier studies to

reject the unit root null. To test this conjuncture, the authors propose using

their newly devised exogenous one-break panel unit root test.

However, since the breaks are unknown in this case, as they usually are, the

authors suggest modifying their test along the lines of Lee and Strazicich (2003)

using the Zivot and Andrews (1992) minimum procedure to estimate the breaks.

Based on four different panels covering between six and 21 countries from April

1973 to December 1999, the authors are able to reject the unit root null at the

1% level, which interpreted as providing overwhelming support in favor of the

PPP hypothesis.

The results provided in this paper suggest that there is an alternative inter-

pretation of these results. Namely, that they have been spuriously induced by

the bias inherent in the Zivot and Andrews (1992) procedure when applied in

this context. Therefore, in this section, we reevaluate the results of Im et al.

(2005) using the new tests.

Data sampled at quarterly frequency is obtained using the International

Financial Statistics database of International Monetary Fund, which is the same

source used by Im et al. (2005). As in that study, the data is grouped into

four panels, the Choi (2001) panel, the European monetary union panel, the

European community panel and the OECD panel. The data starts in April

1973 but ends in December 1998 due to missing observations in 1999.

The results presented in Tables 5 and 6 suggest that the unit root null cannot

be rejected at any conventional significance level based on the asymptotic p-

values regardless of whether we use the panel or time series test. Of course,

this not only casts doubts on the test results provided by Im et al. (2005), but

also on the argument that the weak empirical support for PPP might be due to

6Similar explanations for why PPP does not seem to hold have been put forth by for
example Gadea et al. (2004) and Sabatè et al. (2003).
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erroneously omitted breaks. In fact, as seen in Table 5, in only seven out of the

21 countries do we find evidence of structural instability.

As mentioned in Section 4, our panel test relies on assuming independence,

or at least zero correlation, among the cross-sectional units, which is unlikely to

hold in the current application. Therefore, to be able to test the robustness of

our findings, we employ the bootstrap approach, which makes inference possible

even under very general forms of cross-sectional dependence. The particular

bootstrap opted for in this section resembles that used by Chang (2004) and

proceeds as follows.

The first step is to fit the following least squares regression

yit = α̂i + τ̂it +

Ki∑

j=1

δ̂ijDt(T̂
b
ij) + ẑit, (11)

where T̂ b
ij is obtained as described in Section 3. Having obtained the residual

ẑit, we then estimate the autoregression

∆ẑit =

pi∑

j=1

γ̂ij∆ẑit−j + êit. (12)

This gives us the residual vector êt = (ê1t, ..., êNt)
′, which forms the basis for

our bootstrap. It is important to note that êt is obtained from equation (12)

with the null hypothesis imposed. Otherwise, if the null is not imposed, this

will render the subsequent bootstrap tests inconsistent.

We then generate bootstrap innovations e∗t by sampling with replacement

the centered residual vector

ẽt = êt −
1

T

T∑

j=1

êj .

Note that by resampling ẽt rather than ẽit, we are in effect preserving the cross-

sectional correlation structure of êit.

The next step is to generate the bootstrap sample y∗

it. This is accomplished

by first constructing the bootstrap version of the error ∆zit as

∆z∗it =

pi∑

j=1

γ̂ij∆z∗it−j + e∗it.

For initial values, we may use the first pi observations of ∆ẑit. However, as

pointed out by Chang (2004), this does not guarantee that ∆z∗it is stationary.

An alternative approach, which makes ∆z∗it more stationary, is to generate a

larger number, T + n say, of ∆z∗it and then discard the first n values. Because

this makes the initiation unimportant, we may simply use zeros to start up the

recursion.
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Next, we generate z∗it recursively from ∆z∗it as

z∗it = z∗i0 +

t∑

j=1

∆z∗ij ,

which again requites initiation through z∗i0. The value zero will do. Finally, the

bootstrap sample y∗

it is obtained as

y∗

it = α̂i + τ̂it +

Ki∑

j=1

δ̂ijDt(T̂
b
ij) + z∗it,

Having obtained the bootstrap sample y∗

it, we then obtain the bootstrapped

τφN statistic, which is constructed in the same way as its sample counterpart.

The bootstrap test is implemented using 1, 000 bootstrap replications, which are

used to compute p-values for τφN under the unit root null. The results presented

in Table 6 indicate that our earlier conclusions based on the asymptotic normal

distribution are not altered when the cross-sectional correlations are taken into

account. Thus, we do not find any evidence of PPP.

7 Conclusions

This paper develops two LM based unit root tests that permit for multiple

structural breaks in the level of the observed time series. One is based on a

single series while the other is based on a panel of series. To estimate the breaks,

a new procedure based on outlier detection is proposed. The new procedure has

many distinctive and advantageous features. Firstly, it is computationally very

simple and straightforward to implement. Secondly, neither the number nor the

location of the breaks need be known. In fact, there may not be any breaks at

all. Thirdly, the procedure is valid under both the unit root null and stationary

alternative.

In essence, the new procedure allows researchers to move away from testing

the unit root null against a specified number of breaks and towards model

selection strategies that are less dependent on an prespecified number, which

should be of considerable interest in applied work.

We derive the limiting distribution of the unit root tests and consider their

small-sample properties through a small simulation study. The results suggest

that the asymptotic properties of the tests are borne out well in small samples,

which, together with the endogenous treatment of the breaks, leads us to the

conclusion that the new tests should be a valuable addition to the existing menu

of unit root tests. This is illustrated empirically using PPP, where it is shown

that even if the presence of structural breaks and cross-section dependence is

taken into account, the null of a nonstationary real exchange rate cannot be

rejected.
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Table 1: Size and power for an known number of breaks.

φ = 0 φ = −0.1 φ = −0.2

γ λ δ T τ̂φ LMτ τ̃ τφ τ̂φ LMτ τ̃ τφ τ̂φ LMτ τ̃ τφ

0 0.3 2 50 7.8 18.1 6.8 9.5 7.4 8.3 8.4 9.3 14.1 16.2 11.7 19.1

100 6.6 13.0 6.1 6.5 18.1 19.2 19.3 22.7 40.7 48.3 42.6 61.4

200 5.3 11.4 4.9 5.3 60.8 65.2 62.0 70.0 94.6 97.7 96.2 98.6

5 50 8.5 19.4 6.3 8.7 7.8 6.2 6.9 8.2 16.5 14.1 9.8 18.5

100 5.7 14.3 6.7 5.9 24.8 17.5 14.0 27.2 53.7 42.4 21.0 61.6

200 6.9 12.2 6.1 6.9 63.6 52.3 39.1 63.8 93.1 92.0 73.1 96.7

0.7 2 50 7.1 19.2 5.9 9.1 10.5 8.7 11.9 7.9 16.6 15.5 16.7 17.5

100 6.8 13.7 6.5 7.9 16.0 13.6 13.3 17.3 40.5 42.6 38.6 52.9

200 4.9 11.3 5.0 4.8 62.4 63.0 60.3 70.9 94.1 97.4 93.2 98.5

5 50 9.0 20.5 7.5 9.2 9.3 6.3 6.8 9.1 16.6 13.6 7.4 18.4

100 7.5 17.9 8.0 7.7 17.7 14.3 10.2 19.0 51.5 38.1 19.7 57.3

200 5.6 11.4 4.8 5.4 64.8 56.5 48.1 67.9 93.5 95.3 81.8 98.5

0.5 0.3 2 50 6.2 13.0 5.6 7.9 9.2 7.5 10.2 9.5 16.9 16.8 18.5 17.6

100 4.7 9.1 4.9 5.8 22.5 21.4 21.4 23.7 52.9 53.6 51.2 53.6

200 6.4 10.4 6.7 7.7 54.1 51.7 49.9 54.7 91.4 93.0 90.1 93.8

5 50 7.3 11.5 3.7 8.0 8.4 9.7 11.0 8.6 15.6 16.1 18.5 15.2

100 5.3 9.9 5.4 5.9 22.9 21.0 18.0 22.3 51.4 46.8 36.6 51.3

200 5.6 9.4 4.5 6.1 62.2 57.1 58.4 61.8 95.6 93.5 90.0 95.8

0.7 2 50 5.6 12.8 5.5 8.5 8.8 7.8 9.2 8.1 17.9 16.5 18.6 16.7

100 5.3 9.7 5.9 6.3 18.8 17.9 17.0 20.7 48.5 46.6 45.2 52.6

200 5.3 9.2 5.2 6.1 60.1 62.1 60.5 60.9 94.5 96.0 94.8 95.6

5 50 7.1 12.3 4.4 8.3 8.6 10.1 9.1 9.4 15.5 17.7 13.8 16.3

100 5.5 10.1 4.7 5.9 19.2 19.1 17.6 21.0 51.0 46.8 41.2 53.7

200 4.8 9.7 4.8 4.8 63.8 57.8 54.2 67.1 93.7 92.2 88.6 95.8

Notes: The value γ refers to the serial correlation parameter, λ refers to the location of the break, δ refers to size of

the break and φ refers to the autoregressive parameter. Also, τ̂φ refers to τφ based on an estimated break, LMτ refers

to the Lee and Strazicich (2003) minimum test and τ̃ refers to the Schmidt and Phillips (1992) no-break test.
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Table 2: Size and power for an unknown number of breaks.

φ = 0 φ = −0.1 φ = −0.2

K γ δ T τ̂φ τφ τ̂φ τφ τ̂φ τφ

1 0 2 50 5.7 6.4 9.9 11.5 18.6 23.9

100 6.4 6.6 19.1 21.0 44.5 59.1

200 4.8 4.1 63.2 70.6 92.7 98.6

5 50 10.3 10.3 9.4 10.3 16.0 17.8

100 5.0 4.7 25.4 28.2 58.5 66.5

200 6.0 5.6 63.3 66.5 93.1 97.9

0.5 2 50 6.8 8.9 8.2 8.9 13.5 17.5

100 5.2 6.7 19.2 19.2 46.6 48.6

200 5.4 5.7 56.3 59.5 93.3 95.8

5 50 8.3 9.5 6.6 7.0 13.7 14.0

100 6.4 6.9 20.0 20.2 47.6 49.0

200 6.2 6.5 59.8 62.3 93.7 95.9

2 0 2 50 9.6 10.0 6.8 7.9 14.1 18.4

100 6.0 6.7 20.4 21.9 47.4 55.9

200 5.4 5.6 58.6 65.4 91.6 96.7

5 50 8.6 8.5 8.5 8.5 15.3 19.2

100 5.9 5.5 21.9 25.3 51.2 62.5

200 5.4 5.4 61.3 66.4 89.9 97.2

0.5 2 50 5.6 9.0 9.0 8.6 18.1 16.8

100 6.1 7.4 18.0 19.4 43.7 46.0

200 5.3 6.6 57.0 59.2 92.3 96.0

5 50 6.1 7.9 8.6 10.2 17.3 18.5

100 5.6 6.3 22.2 23.2 47.6 51.1

200 5.3 5.5 53.8 57.0 92.2 96.1

Notes: The value K refers to the number of breaks in the data generating

process. See Table 1 for an explanation of the remaining parameters.
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Table 3: Breakpoint estimation accuracy.

K = 1 known K = 1 unknown K = 2 unknown

φ γ T δ = 2 δ = 5 δ = 2 δ = 5 δ = 2 δ = 5

0 0 50 28.1 92.2 31.6 87.8 9.9 78.1

100 28.7 90.7 29.8 86.4 8.9 77.4

200 27.8 89.9 28.8 86.9 9.6 79.7

0.5 50 21.3 76.3 22.3 77.4 3.2 56.9

100 17.6 74.6 19.8 74.5 4.7 58.0

200 16.0 75.9 18.3 72.5 4.7 57.1

−0.1 0 50 26.5 90.2 23.2 85.7 8.0 74.2

100 28.1 88.2 24.5 85.7 7.4 76.8

200 23.7 90.0 26.7 84.9 8.1 73.4

0.5 50 21.8 79.8 21.5 75.5 5.0 58.4

100 18.9 77.6 19.9 74.9 4.4 58.1

200 19.5 77.1 20.1 76.9 5.4 60.8

−0.2 0 50 23.6 86.1 26.7 82.9 6.4 67.5

100 22.2 85.7 22.6 82.1 7.2 71.1

200 21.2 87.0 27.7 81.5 6.7 71.7

0.5 50 22.7 78.6 23.1 78.3 4.3 59.7

100 18.4 80.3 20.9 77.8 4.0 63.3

200 19.9 80.1 20.0 77.0 4.8 62.4

Notes: The numbers reported in the table are the percentage of times when the

correct breakpoints are selected. See Table 1 for an explanation of the various

parameters in the table.
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Table 4: Size and power for the panel test.

K = 1 known K = 1 unknown K = 2 unknown

φ δ N T τ̂φN τφN τ̂φN τφN τ̂φN τφN

1 2 5 100 7.3 8.3 8.8 8.8 8.7 10.4

10 100 11.6 11.2 10.0 10.2 9.1 9.8

5 200 6.0 6.4 7.0 7.3 7.7 8.2

10 200 6.6 6.8 7.3 7.5 5.8 5.9

5 5 100 8.1 8.2 8.3 8.3 9.2 9.4

10 100 10.5 10.6 10.4 9.7 10.7 11.3

5 200 7.1 7.1 7.1 7.1 6.6 7.0

10 200 7.1 6.9 9.7 9.3 8.6 8.8

0.95 2 5 100 27.2 28.2 20.8 21.7 21.4 26.5

10 100 39.2 42.4 34.1 39.8 36.8 42.1

5 200 80.0 83.8 81.8 84.6 77.4 81.5

10 200 97.9 98.7 97.0 98.7 97.2 99.1

5 5 100 27.4 28.2 26.5 28.5 20.4 22.0

10 100 39.0 42.2 41.6 42.7 35.7 38.9

5 200 81.7 82.3 80.5 82.8 80.8 83.5

10 200 98.6 98.8 96.1 96.7 96.8 97.0

0.9 2 5 100 72.4 78.5 68.6 73.9 63.0 76.2

10 100 92.5 96.9 93.2 97.2 91.6 96.8

5 200 100.0 100.0 100.0 100.0 99.7 99.9

10 200 100.0 100.0 100.0 100.0 100.0 100.0

5 5 100 77.5 80.3 76.9 79.8 68.2 76.1

10 100 96.1 97.7 97.5 98.4 93.1 96.0

5 200 100.0 100.0 100.0 100.0 100.0 100.0

10 200 100.0 100.0 100.0 100.0 100.0 100.0

Notes: The τ̂φN test refers to τφN based on estimated breaks. See Table 1 for an

explanation of the various parameters in the table.
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Table 5: Country-specific unit root tests.

Unit root test Estimated breaks

Country τ̂φ p-val τ̃ p-val No. Location

Australia −2.019 0.424 −2.019 0.424 0 −

Austria −2.441 0.204 −2.441 0.204 0 −

Belgium −1.745 0.610 −1.745 0.610 0 −

Canada −1.485 0.788 −1.485 0.788 0 −

Denmark −1.415 0.833 −1.415 0.833 0 −

Finland −2.117 0.363 −2.117 0.363 0 −

France −1.568 0.740 −1.442 0.815 1 1978:Q4

Germany −2.438 0.206 −2.438 0.206 0 −

Greece −0.931 0.993 −1.016 0.984 1 1995:Q1

Iceland −1.241 0.920 −1.151 0.954 1 1995:Q1

Ireland −1.393 0.845 −1.393 0.845 0 −

Italy −1.978 0.452 −1.825 0.555 1 1995:Q1

Japan −1.694 0.646 −1.694 0.646 0 −

Luxembourg −1.842 0.542 −1.842 0.542 0 −

Netherlands −2.172 0.331 −2.172 0.331 0 −

Norway −1.653 0.680 −2.064 0.393 1 1995:Q1

Portugal −1.571 0.737 −1.688 0.651 1 1995:Q1

Spain −1.826 0.554 −1.826 0.554 0 −

Sweden −1.616 0.706 −2.119 0.362 1 1995:Q1

Switzerland −1.739 0.614 −1.739 0.614 0 −

United Kingdom −1.929 0.486 −1.929 0.486 0 −

Notes: The τ̂φ test refers to τφ based on estimated breaks, while τ̃ refers to the

Schmidt and Phillips (1992) no-break test. The p-values are based on simulating

the asymptotic distribution of the test. This is done using 10, 000 random walks

of length 1, 000.

Table 6: Panel unit root tests.

Panel N τ̂φN p-vala p-valb τ̃N p-vala p-valb

Choi (2001) 6 0.758 0.743 0.776 0.918 0.782 0.821

European monetary union 12 0.817 0.674 0.793 0.855 0.684 0.804

Europen community 15 1.005 0.679 0.843 0.811 0.646 0.791

OECD 21 1.742 0.784 0.959 1.455 0.744 0.927

Notes: The τ̂φN test refers to τφN based on estimated breaks, while τ̃N refers to

the panel version of the Schmidt and Phillips (1992) no-break τ̃ test.
aThe p-values are based on the bootstrapped distribution using 1, 000 replications.
bThe p-values are based on the asymptotic normal distribution.
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Perron, P., and G. Rodŕıguez (2003). Searching for Additive Outliers in Non-

stationary Time Series. Journal of Time Series Analysis, Vol. 24, pp.

193-220.

20
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