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Abstract

This paper proposes new pooled panel unit root tests that are appro-
priate when the data exhibit cross-sectional dependence that is generated
by a single common factor. Using sequential limit arguments, we show
that the tests have a limiting normal distribution that is free of nuisance
parameters and that they are consistent and unbiased against heteroge-
nous local alternatives. Our Monte Carlo results indicate that the tests
perform well in comparison to several other popular tests that also pre-
sumes a common factor structure for the cross-sectional dependence.
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1 Introduction

During the last few years there has been an immense proliferation of research
concerned with the problem of testing for unit roots in panel data. Some of the
most influential contributions within this field include Choi (2001), Im et al.
(2003), Levin et al. (2002) and Harris and Tzavalis (1999). A common feature
of these studies is that they all assume that the members of the panel are inde-
pendent of each other. Under this assumption, various central limit theorems
can be applied to obtain test statistics that achieve asymptotic normality. Al-
though it has been widely recognized that cross-sectional independence may be
an overly restrictive assumption, is has long been thought that subtracting the
cross-sectional average from the data before application of the panel unit root
test could be employed to, at least partially, deal with this problem. Recently,
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however, it has become increasingly clear that cross-sectional demeaning of this
sort may not work in general as it cannot be used to accommodate correlations
that differ between pairs of individual time series, which seem like a more re-
alistic assumption in many empirical applications such as macroeconomics and
international finance.

Recognizing this deficiency, several new panel data unit root tests have been
proposed in the literature. These tests are distinct in that they make explicit
assumptions regarding the structure of the cross-sectional correlation. Chang
(2004), Maddala and Wu (1999) and Smith et al. (2003) avoid the restrictive na-
ture of the cross-sectional demeaning by employing bootstrap techniques, which
make the unit root test valid under quite general forms of cross-sectional depen-
dence. Other tests that allow for general correlation structures include those
of Chang (2002), O’Connell (1998) and Jönsson (2005). To eliminate the de-
pendence, Chang (2002) proposes a nonlinear instrumental variables estimator,
while O’Connell (1998) suggests estimation by generalized least squares. The
test of Jönsson (2005) relies on a robust estimator of the standard errors to
handle the impact of the dependence.

The tests proposed by Phillips and Sul (2003), Pesaran (2005), Bai and Ng
(2004) and Moon and Perron (2004) also allow for more general forms of cross-
sectional dependence by assuming that the correlation can be modelled using a
common factor structure. These studies recognize that the common factors are
likely to have differential effects on different cross-sectional units by allowing for
the possibility of heterogeneous factor loadings. This avenue is potentially very
fruitful as it takes an important step in the direction of reducing the dimension
of the cross-sectional correlation structure, and it shall therefore be employed
in this paper.

The basic idea here is to first estimate the common factors, and then to test
whether the defactored data possesses a unit root or not. The suggestions of
Bai and Ng (2004) and Moon and Perron (2004) are very similar in that they
both rely on using principal components method to estimate the factors. Unfor-
tunately, this makes the resulting test procedures quite difficult to implement.
Another disadvantage with using this method to estimate the factors is that it
requires not only the time series but also the cross-sectional dimension to be
large, a requirement that is rarely fulfilled in practice. It also involves serious
asymptotical difficulties as the error coming from the first stage estimation must
be bounded somehow in order to obtain a valid test unit root test in the second.

Phillips and Sul (2003) uses an iterated method of moments approach to es-
timate the factor, which is simpler than principal components in many respects.
In particular, it only requires that the number of time series observations is
large, which makes both the practical implementation and the asymptotic anal-
ysis more manageable. Unfortunately, many of the tests discussed by Phillips
and Sul (2003) are based on meta analysis, which means that the asymptotic
distribution of the individual statistics must be estimated somehow before the
panel statistic can be constructed. Thus, these tests are not very easy to com-
pute.

In this paper, we follow Phillips and Sul (2003) and Pesaran (2005), and
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assume a common factor structure for the cross-sectional dependence. In par-
ticular, it is assumed that there is single common factor, which may have dis-
parate effects on the different individual time series of the panel. Due to their
simplicity, their extensive use in the empirical literature, and their increased
availability through various econometric software packages, we propose two new
tests based on the pooled unit root tests developed by Levin et al. (2002) and
Harris and Tzavalis (1999).

In order to defactor the data, we propose using a version of the method of
moments procedure developed by Phillips and Sul (2003). Since the consistency
of this procedure only requires passing the number of time series observations
to infinity, the asymptotic analysis of our new tests can be carried out by using
simple sequential limit arguments. The results reveal that the tests have limiting
normal distributions, and that they are unbiased against heterogeneous local
alternative hypotheses. For a fixed specification of the alternative hypothesis,
the tests are consistent. In our Monte Carlo study, we demonstrate that the tests
have reasonable size properties and good power. We also find that the proposed
tests compares favorably to a number of popular tests that also presumes a
common factor structure for the cross-sectional dependence.

The paper proceeds as follows. Section 2 provides a brief presentation of the
model that we use. Section 3 introduces the unit root test statistics, whereas
Section 4 is concerned with their asymptotic properties. Sections 5 then present
our Monte Carlo study. Section 6 concludes. For notational convenience, the
Bownian motion B(r) defined on the unit interval r ∈ [0, 1] will be written as
only B and integrals such as

∫ 1

0
W (r)dr will be written

∫ 1

0
W and

∫ 1

0
W (r)dW (r)

as
∫ 1

0
WdW . The symbols ⇒ and

p→ will be used to signify weak convergence
and convergence in probability, respectively.

2 Model and assumptions

Let yit be a vector of observed data on individual i = 1, ..., N and time series
t = 1, ..., T . The data generating process (DGP) of this variable is given by

yt = γdt + ρyt−1 + et, (1)

where yt = (y1t, ..., yNt)′, et = (e1t, ..., eNt)′ and ρ = diag(ρ1, ..., ρN ). For nota-
tional simplicity, we use dt to indicate the vector of deterministic components
and γ is used to indicate the corresponding vector of parameters. We shall dis-
tinguish between three different deterministic specifications. In Model 1, dt = 0,
which correspond to a model with no deterministic components. In Model 2,
dt = 1 so the deterministic component comprises an individual specific constant
term. In Model 3, dt = (1, t)′, which is the most general specification with
both individual specific constants and linear time trends. For the present, yt is
assumed to evolve according to Model 1. Generalizations to Models 2 and 3 are
straightforward and will be discussed when appropriate.

The focus of interest in this paper is the problem of testing for the presence
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of a common unit root in yt against the following local alternative hypothesis

ρ = IN − φ

TN1/2
, (2)

where φ = diag(φ1, ..., φN ) is the matrix of local-to-unity parameters. One way
to formulate the null and alternative hypotheses is in terms of φi in which case
H0 : φi = 0 for all i is tested versus H1 : φi > 0 for at least some i. Another
more convenient way is to assume that φi is nonnegative and independent and
identically distributed (i.i.d.) in which case the null and alternative hypotheses
can be formulated using only the expected value of φi. Specifically, if we denote
this expected value by µ, then we have the following equivalent formulation

H0 : µ = 0 versus H1 : µ > 0.

To model the cross-sectional correlation, we follow Phillips and Sul (2003) and
assume that the process et is generated by the following single factor model

et = τft + vt, (3)

where ft is a scalar unobservable random factor, τ = (τ1, ..., τN )′ is a nonrandom
vector of factor loadings and vt = (v1t, ..., vNt)′ is a vector of idiosyncratic
disturbances. For convenience in deriving the test statistics and their asymptotic
distributions, we shall assume that vt satisfy the following set of conditions.

Assumption 1. (Error process.) The vector vt is i.i.d.(0,Ωv), where Ωv is posi-
tive definite and block-diagonal.

In addition, the factor model in (3) is introduced to model the cross-sectional
dependence. To this end, we make the following assumption.

Assumption 2. (Factor model.) The common factor ft is i.i.d.(0, 1).

Assumption 1 and 2 establish the basic conditions needed for developing the
new unit root tests. Many of these are quire restrictive but are made here to
simplify the derivation of the tests and their limit distributions, and will be
relaxed later on. Consider first Assumption 1. This assumption ensures that a
functional central limit theorem holds individually for each cross-section as T

increases. That is, we have T−1/2
∑[Tr]

t=1 vt ⇒ Bv as T −→ ∞ for a fixed N ,
where Bv = (B1v, ..., BNv)′ is a vector Brownian motion with covariance matrix
Ωv. Note also that Assumption 2 implies that the elements of vt are cross-
sectionally independent, which follows directly from the block-diagonal shape
of Ωv.

Assumption 2 together with equation (3) characterizes the common factor
model. As with Assumption 1, Assumption 2 also ensures the applicability of
a functional central limit theorem. Thus, we deduce that T−1/2

∑[Tr]
t=1 ft ⇒ Bf

as T −→ ∞ with N held fixed, where Bf is a scalar Brownian motion. Also,
the fact that ft is assumed to be stationary ensures that yt is the only source
of nonstationarity in (1). As required by Assumption 3, the covariance of Bf is
normalized to unity, which entails no loss of generality.

4



Most unit root tests in panel data, such as those of Im et al. (2003) and
Levin et al. (2002), requires that yt is cross-sectionally independent. This as-
sumption is very strong and it is therefore unlikely to hold in many empirical
applications. When the structure of the dependence is completely unknown,
it is generally infeasible to deal with the unrestricted correlation structure be-
cause of the degree of freedom constraint. Therefore, in order to reduce the
dimensionality of the covariance structure of the errors, it is common to make
at least some simplifying assumption. The most common way to achieve this is
to include a common time effect in the process driving yt. The justification for
doing so is that certain comovements of multidimensional time series may be
due to a common factor. For instance, in international macroeconomics it might
be argued that the common time effect represents some global shock, such as
an oil price shock.

The model we use in this paper allows for a common time effect that may
affect the individual time series differently. The extent of the cross-sectional
correlation is determined by the loadings τi, which can be seen by writing

E(eitejt) = τiτj for i 6= j.

It follows that there is no cross-sectional correlation when τi = 0 for all i and
there is identical correlation when τi = τj for all i 6= j. The model that we
use is the same single factor model studied by Phillips and Sul (2003), which
is different from the simple common time effect specification where the factor
is assumed to have an identical impact on all the individuals of the panel. Our
model also presumes a single common factor but it is less restrictive since it
allows the factor to impact the individuals of the panel differently.

3 Pooled unit root tests

In this section, we develop the pooled unit root tests. Towards this end, notice
that Assumption 2 and 3 enables us to write the covariance of et as

Ωe = E(ete
′
t) = ττ ′ + Ωv. (4)

Making use of this result, under the unit root null, it is possible to show that
T−1/2y[Tr] = T−1/2

∑[Tr]
t=2 et ⇒ B as T −→ ∞ with N held fixed, where

B = (B1, ..., BN )′ is a vector Brownian motion with covariance matrix equal
to Ωe. This implies that yt is unsuitable for unit root testing purposes since its
limit distribution depend on the nuisance parameters associated with the cross-
sectional dependencies of the data as captured by the off-diagonal elements in
Ωe. Note, however, that B may be decomposed as

B = τBf + Bv. (5)

If we let τ⊥ be the N × (N − 1) matrix that spans the orthogonal complement
of the vector τ , then we may define

F⊥ ≡ (τ ′⊥Ωvτ⊥)−1/2τ ′⊥. (6)

5



Making use of (5) and (6), since τ ′⊥τ = 0 by definition, we may deduce that
T−1/2F⊥y[Tr] ⇒ F⊥B = F⊥Bv ≡ W as T −→ ∞ for a fixed N , where W =
(W1, ..., WN−1)′ is an N −1 dimensional vector standard Brownian motion with
covariance matrix equal to identity. Notice that, since the covariance matrix of
Bv is given by Ωv, it is easy to verify that the covariance of F⊥Bv is indeed
identity. Notice also that the multiplication of Bv by F⊥ reduces the dimension
of W from N to N − 1. This discussion suggests that yt may be employed to
test the unit root hypothesis after multiplying it by F⊥. However, since τ⊥
and Ωv are unknown, this means that F⊥ is unobservable and that it needs to
be consistently estimated. If we denote this estimator by F̂⊥, then we propose
using the following two statistics for testing the hypothesis of H0 versus H1.

Definition 1. (Pooled defactored panel unit root statistics.) Let y∗t = F̂⊥(yt −
γ̂dt), where γ̂ is the least squares estimate of γ, then the pooled defactored unit
root statistics are defined as follows

PDρ ≡
(

T∑
t=2

y∗′t−1y
∗
t−1

)−1 T∑
t=2

∆y∗′t y∗t−1, (7)

PDt ≡
(

T∑
t=2

y∗′t−1y
∗
t−1

)−1/2 T∑
t=2

∆y∗′t y∗t−1. (8)

Remark 1. Essentially, the above statistics are nothing but simple modifications
of the pooled normalized bias and t-ratio statistics studied in the earlier litera-
ture by Harris and Tzavalis (1999) and Levin et al. (2002) using the defactored
data. Note the particularly simple form of the t-ratio type statistic PDt as it
does not require any estimation of the error variance in the denominator, which
is otherwise standard in the literature. This is a direct consequence of the de-
factoring procedure that we use, which makes the asymptotic covariance matrix
of T−1/2F⊥y[Tr] equal to the identity matrix.

Remark 2. For the estimation of F⊥, we propose using a version of the mo-
ment based procedure discussed in Phillips and Sul (2003). The purpose of this
procedure is to retrieve τ̂ , the vector of estimated loadings, together with Ω̂v,
the estimated covariance of vt, as the minimizers of the sum of squared errors
of τ and Ωv from Ω̂e = T−1

∑T
t=2 êtê

′
t, where êt = yt − γ̂dt − ρ̂yt−1 is the

least squares estimator of et. This is different from the procedure employed by
Phillips and Sul (2003), which uses T−1

∑T
t=2 ∆et∆e′t to estimate Ωe. However,

this estimator is only consistent under the null hypothesis suggesting that there
should be some merit in using Ω̂e, which is consistent under the null as well as
under the alternative hypothesis. In particular, since Ω̂e is consistent in both
cases, this suggests that the minimization of the sum of squared errors may be
carried out with respect to only τ and Ωv. Thus, τ̂ and Ω̂v may be obtained as

(τ̂ , Ω̂v) = arg min
τ,Ωv

tr
(
(Ω̂e − Ωv − ττ ′)(Ω̂e − Ωv − ττ ′)′

)
. (9)

6



The solution of this problem satisfies the two equations τ̂ = (τ̂ ′τ̂)−1(Ω̂eτ̂ − Ω̂v τ̂)
and Ω̂v = diag(Ω̂e − τ̂ τ̂ ′). Obviously, since these equations have no closed form
solutions, the minimization problem in (9) must be solved iteratively. To this
end, we engage in an recursive procedure using the following updating scheme

τ r = (τ r−1′τ r−1)−1(Ω̂eτ
r−1 − Ωr−1

v τ r−1),
Ωr

v = diag(Ω̂e − τ rτ r′).

The procedure is initiated by choosing τ0, a vector of starting values for τ ,
which is used to compute Ω0

v = Ω̂e − τ0τ0′. The updating then continues
until convergence. Once τ̂ and Ω̂v has been obtained, a consistent estimator
of τ⊥ may be constructed by taking the eigenvectors of the projection matrix
IN − τ̂(τ̂ ′τ̂)−1τ̂ ′ that correspond to unit eigenvalues. If we denote the resulting
estimator by τ̂⊥, then F̂⊥ may be constructed as F̂⊥ = (τ̂ ′⊥Ω̂v τ̂⊥)−1/2τ̂ ′⊥.

Remark 3. As will be shown in Section 4, the asymptotic distributions of the
above statistics are free of nuisance parameters as long as dt = 0. However, if
dt = 1 or dt = (1, t)′ as in Models 2 and 3, then these distributions will depend
on various nuisance parameters associated with the underlying DGP. Therefore,
in order to obtain statistics that are asymptotically similar in Model 2, the data
should be demeaned prior to multiplying yt by F̂⊥, whereas, in Model 3, it should
be both demeaned and detrended. Thus, as in the case of a single time series, if
a deterministic element is present but not accounted for when constructing the
test statistics, the ensuing unit root test will be inconsistent. This is the reason
for using yt − γ̂dt rather than yt when constructing the statistics.

Remark 4. The relaxation of Assumption 1 implies that PDt and PDρ may be
both heteroskedastic and serially correlated. This imply that the statistics are
no longer asymptotically similar and that they need to be modified to account for
the temporal dependencies of the DGP. To facilitate this, however, Assumption
1 must be replaced with something else. Specifically, it is assumed that the
linear process conditions of Phillips and Solo (1992) are satisfied, which allow
for a very general class of errors including all stationary autoregressive moving
average processes. Under these conditions, similar statistics may be obtained
by simply augmenting the right-hand side of (1) with lagged values of ∆yt.
This suggests that similar statistics may be obtained by replacing yt− γ̂dt with
yt − γ̂dt −

∑K
k=1 δ̂k∆yt−k, where K should be sufficiently large to whiten the

remaining error.

4 Asymptotic distribution

In this section, we characterize the asymptotic distributions of the proposed
test statistics. In so doing, we shall exploit the fact that the orthogonalization
procedure applied here is consistent passing T −→ ∞ for a fixed N . This
means that the limiting distributions of the tests may be derived in a relatively
straightforward fashion using the simple sequential limit theory. In particular,
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it will be shown that both statistics require standardization based on the first
two moments of the following vector Brownian motion functional

Ki ≡
(∫ 1

0

W ∗2
i ,

∫ 1

0

W ∗
i dWi

)′
, (10)

where

W ∗
i = Wi −

(∫ 1

0

Wid
′
)(∫ 1

0

dd′
)−1

d.

The vector functional Ki takes the scalar Browninan motion W ∗
i as its only

argument. This scalar is the Hilbert projection of Wi onto the space orthogonal
to the vector d, which is the limiting trend function. Specifically, let DT =
diag(1, T ) denote the matrix of normalizing orders that is conformable with
dt = (1, t)′, then D−1

T d[Tr] ⇒ d = (1, r)′ as T −→ ∞. In Model 1, dt = 0
so W ∗

i reduces to Wi. In Model 2, we have dt = 1 so W ∗
i is the demeaned

standard Brownian motion Wi −
∫ 1

0
Wi. Similarly, in Model 3, dt = (1, t)′

in which case W ∗
i represents the demeaned and detrended standard Brownian

motion Wi + (6r − 4)
∫ 1

0
Wi + (6 − 12r)

∫ 1

0
rWi. Now, Theorem 1 provides the

asymptotic distributions of our test statistics. To this end, it is useful to define
Θ and Σ as the mean and the variance of Ki, respectively. In addition, it is
useful to let ψ = (−Θ2Θ−2

1 , Θ−1
1 )′ and ϕ = (−(1/2)Θ2Θ

−3/2
1 , Θ−1/2

1 )′. The
theorem is given next.

Theorem 1. (Asymptotic distribution.) Under Assumption 1 and 2, and the
local alternative hypothesis in (2), as T −→∞ followed by N −→∞

TN1/2PDρ −N1/2Θ1Θ−1
2 ⇒ N(−µ, ψ′Σψ), (11)

PDt −N1/2Θ1Θ
−1/2
2 ⇒ N(−µΘ1/2

1 , ϕ′Σϕ). (12)

Remark 5. The proof of Theorem 1 is outlined in the appendix. It proceeds by
showing that the intermediate limiting distributions passing T −→ ∞ with N
held fixed can be written entirely in terms of the elements of the vector Brown-
ian motion functional Ki. Therefore, by virtue of cross-sectional independence
of the defactored data, the limiting distribution of the test statistics can be
described in terms of differentiable functions of i.i.d. random variables to which
the Delta method is applicable. Hence, by subsequently passing N −→ ∞, we
obtain a limiting normal distribution for the test statistics, which depend only
on the first two moments of Ki.

Remark 6. Notice the difference between Theorem 1 and the asymptotic theory
for univariate time series, which typically involves moments of diffusion processes
rather than standard Brownian motions. In particular, Theorem 1 shows that
the statistics are asymptotically normal under both the null and alternative
hypotheses. Under the null, we have µ = 0 in which case Theorem 1 shows that
the distributions are mean zero and that they only depend on the moments
of Ki. On the other hand, when µ > 0, although still asymptotically normal
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and similar with respect to the variance of the error process, the distributions
depend on the nuisance parameter µ. Theorem 1 shows that this dependency
causes a miscentering of the limiting distributions of the test statistics. The
expected value of these distributions are negative, which imply that they will
tend to shift leftwards as we move away from the null hypothesis. This means
that the tests are unbiased and that their asymptotic local powers therefore are
greater than their size. The drift of the distributions depend on the average
of the deviations φi. Thus, the statistics will tend to diverge towards negative
infinity as φi grows arbitrarily large for at least some i. For a given value φ > 0,
optimal power is obtained when φi = φj for all i and j, which is not unexpected
given our pooling approach. Note also that the local power only depends on µ
and therefore not on the heterogeneity of the local alternative.

Remark 7. Under a fixed specification of the alternative hypothesis, the value
taken by ρi do not depend on N or T . In this case, the probability that the
statistics take on a more negative value than the critical value provided by
the standard normal distribution approaches one asymptotically as T −→ ∞
followed by N −→ ∞. Thus, in spite of the fact that the statistics are pooled,
they may be used to construct consistent tests against the heterogenous type of
alternative hypothesis considered here.

Remark 8. Theorem 1 indicate that each of the standardized statistics converges
to a normal distribution whose moments depend on the underlying vector Brow-
nian motion functional Ki. As we have seen, since it is a relatively straightfor-
ward matter to adjust the formulaes in (7) and (8) to account for the impact
of temporal dependency, the results of Theorem 1 are quite general and they
apply regardless of the deterministic specification of (1). If dt = 0, then d is the
empty set and the results of Theorem 1 apply directly to the standard Brownian
motion Wi. If dt = 1, the asymptotic distributions still have the same form as
in (11) and (12) but now with moments based on the demeaned standard Brow-
nian motion Wi −

∫ 1

0
Wi. Analogously, if dt = (1, t)′, the limiting distributions

in (11) and (12) retain their stated forms but involve moments of the demeaned
and detrended standard Brownian motion Wi+(6r−4)

∫ 1

0
Wi+(6−12r)

∫ 1

0
rWi.

Numerical values of these moments are presented in Table 1. They have been
obtained by direct calculation using the properties of Brownian motion.

5 Monte Carlo simulations

In this section, we compare and evaluate the small-sample properties of our
proposal relative to those of several competing tests. For this purpose, a small
set of Monte Carlo experiment were conducted using the following DGP

yit = ρiyit−1 + eit, (13)
eit = λτift + vit, (14)

where yi0 = 0 and (τi, ft, vit)′ ∼ N(0, I3). For each experiment, we generate
1, 000 panels with N individual and T + 50 time series observations. The first
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50 observations for each cross-section is then disregarded to attenuate the effect
of the initial condition.

For each model, we consider a small set of experiments, which correspond
to different parameterizations of ρi and λ. The autoregressive parameter ρi

determines whether the null hypothesis is true or not. Under the null, ρi =
1 for all i whereas ρi < 1 under alternative. Also, to be able to infer the
increased power that derives from increasing the size of the panel, the alternative
hypothesis is assumed to be fixed and therefore independent of N and T .

The parameter λ controls the relative importance of the common and id-
iosyncratic disturbances. A larger value of λ represents a greater weight being
attached to the common disturbances relative to the idiosyncratic ones. There
are two cases. In the first, λ = 0 so there is no common factor and the individ-
uals of the panel are therefore independent. In the second, we set λ = 2, which
represents a situation when the common disturbances are twice as important
as the idiosyncratic ones. Thus, in this case, there is a common factor present,
which induces correlation among the cross-sectional units.

To be able to evaluate the comparative merit of our tests, we compute nine
alternative tests. The first four are constructed under the assumption of cross-
sectional independence. They are the Ztbar and Zt̃bar statistics by Im et al.
(2003), the ϕ̂ statistic by Harris and Tzavalis (1999), and the t∗δ statistic by
Levin et al. (2002). The remaining five statistics, which do not require the
independence assumption, are the IPS∗ statistic by Pesaran (2005), Pê statistic
by Bai and Ng (2004), and the G++

ols , Z and Pm statistics by Phillips and Sul
(2003).1

The Pesaran (2005) test is based on a long autoregression, which has been
augmented with cross-sectional averages of lagged levels and differences of the
dependent variable, whose presence eliminates the cross-sectional correlation in
the case of a single common factor. As mentioned earlier, Phillips and Sul (2003)
also presume that there is a single common factor, which can be eliminated
using the moment based procedure outlined in Section 3. The authors discuss
several statistics that can be used together with this procedure. Among the
three statistics considered here, G++

ols is based on averaging, while Z and Pm are
based on meta analysis, wherein the p-values of each cross-section are combined
into a panel test.

The Bai and Ng (2004) test is more general than the other tests considered
here, and allows for multiple factors that may be nonstationary. The idea is
to eliminate the cross-sectional dependence under the null by projecting the
data onto the nonstationary factors. Bai and Ng (2004) show that this can be
accomplished by first estimating the factors by using principal components on
the differentiated data, which can then be recumulated to retrieve estimates of
the nonstationary factors. Due to the consistency of the factor estimates, the
resulting projection errors will be cross-sectionally independent and therefore
suitable for testing the unit root hypothesis.

1The Moon and Perron (2004) test is only valid in the specification with a fitted intercept
term and it is therefore excluded.
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The tests are computed as follows. For the implementation of the iterated
method of moments procedure laid out in Section 3, we set the maximum num-
ber of iterations to 50 and the convergence criterion for the loading parameters
is set to 0.0001. For sake of comparison, the Bai and Ng (2004) test is con-
structed using only one factor. Also, all statistics are based on the same choice
of lag length and bandwidth. To this end, since there is no obvious choice, we
set these parameters equal to the largest integer less than 4(T/100)2/9. The t∗δ
test performed very poorly for small bandwidths, and we therefore followed the
recommendation of Levin et al. (2002) and used the formula 3.21T 1/3. More-
over, to be able to construct the statistics that are based on combining p-values,
we need to obtain their asymptotic distributions. To this end, we employ the
method of MacKinnon (1994), in which the distributions are approximated by
means of response surface regressions. All tests are carried out on the 5% level
and all powers are adjusted for size so that each test has the same rejection fre-
quency of 5% under the null hypothesis. All computational work was performed
in GAUSS.

Consider first the empirical size of the tests presented in Table 2. All tests
should have a rejection rate of 5% when τ = 0. In agreement with this, Table 2
illustrates that the size of most tests generally lies close to the nominal leveleven
though there is an overall tendency to over-reject the null hypothesis. When τ >
0, we expect the tests based on the assumption of cross-sectional independence
to suffer from size distortions. This is confirmed by Table 2, which indicates that
the size can be very unreliable for these tests when the errors admit a common
factor structure. The t∗δ and ϕ̂ tests appear to suffer the greatest with massive
distortions that tend to get larger and to become very serious as N increases.
As expected, the distortions increase as the degree of cross-sectional correlation
increases. The results for the tests that do not maintain the assumption of
cross-sectional independence are much more encouraging with only small size
distortions in most cases. The results for the Phillips and Sul (2003) tests are
particularly good with the proposed tests being only slightly less so.

Next, we continue to the results on the power of the tests, which are pre-
sented in Tables 3 and 4. In this case, the results suggest that the ϕ̂ test
generally is most powerful when λ = 0 and there is no cross-sectional corre-
lation. As expected, the power is higher the larger is the deviation from the
null hypothesis. In addition, it is seen that the power of the tests in Model 1
with no deterministic components is higher than that for Model 2 with a fitted
intercept, which in turn is higher than that for Model 3 with fitted intercept
and trend terms. This effect is particularly striking for the t∗δ test, which has
almost no power in excess of its size when ρi is lies in the vicinity of one.

When λ > 0, and the data is cross-sectionally correlated, the power of the
proposed tests rises relative to the others. This effect is particularly pronounced
when considering those tests that allow for cross-sectional correlation. In addi-
tion, in agreement with the simulation results presented by Moon and Perron
(4004), we see that the power of all tests decline significantly as the value of λ
increases. In particular, the results suggest that the power may be very poor,
and practically nonexisting in some cases when the tests are fitted with both

11



intercept and time trend terms. The power usually improves, however, as the
size of the panel increases, especially along the T dimension.

6 Conclusions

During the last few years there has been an immense proliferation of research
concerned with the problem of testing for unit roots in panel data. Most of
these studies assume that the members of the panel are independent. For many
empirical applications, however, cross-sectional independence seem like a very
restrictive assumption. This apparent shortcoming has recently inspired several
authors to develop tests that relax this assumption. However, many of these
tests are not very easy to analyze or to implement. Recognizing this short-
coming, this paper proposes two simple panel unit root tests that may be used
when the cross-sectional dependence can be described by a single common fac-
tor that may have disparate effects on the individual members of the panel. In
order to defactor the data, we propose using a version of the procedure recently
developed by Phillips and Sul (2003), which is based on estimating the factor
loadings by iterated method of moments. Sequential limit arguments reveal that
the tests have limiting normal distributions, and that they are unbiased when
compared to local heterogeneous alternatives. In our Monte Carlo study, we
demonstrate that the tests have reasonable size properties and good power.
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Appendix: Mathematical proofs

In this appendix, we prove Theorem 1. For illustrative purposes, we focus on
the simple case without any deterministic components. Throughout, we assume
that the necessary moment conditions for the relevant central limit theory to
apply are satisfied.

Proof of Theorem 1.

In order to derive the asymptotic distributions, we multiply the test statistics
by T in which case (7) and (8) can be rewritten as

TZρ =

(
T−2

T∑
t=2

y∗′it−1y
∗
it−1

)−1

T−1
T∑

t=2

y∗′it−1∆y∗it, (A1)

Zt =

(
T−2

T∑
t=2

y∗′it−1y
∗
it−1

)−1/2

T−1
T∑

t=2

y∗′it−1∆y∗it. (A2)

Under the local alternative hypothesis, we have ρi = 1 − T−1N−1/2φi, which
imply that ∆y∗it in (A1) and (A2) can be written as

∆y∗it = (ρi − 1)y∗it−1 + e∗it
= N−1/2T−1φiy

∗
it−1 + e∗it, (A3)

where e∗t = F̂⊥et and e∗t = (e∗1t, ..., e
∗
Nt)

′. Define the scaled quantities Q1 ≡
T−2

∑T
t=2 y∗′t−1y

∗
t−1, Q2 ≡ T−1

∑T
t=2 y∗′t−1e

∗
t and Q3 ≡ T−2

∑T
t=2 y∗′t−1φy∗t−1.

Now, by using Theorem 4.4 of Hansen (1992), it is possible to show that
T−1/2F̂⊥y[Tr] ⇒ F⊥J ≡ J∗ as T −→ ∞ with N held fixed, where J =
(J1, ..., JN−1)′ is a N − 1 dimensional diffusion process that satisfy

Ji ≡
∫ r

0

eφi(r−s)N−1/2
dBi = Bi + N−1/2φi

∫ r

0

eφi(r−s)N−1/2
Bi. (A4)

But F⊥B = F⊥Bv = W as explained in the text. Therefore, the expression in
(A4) implies that J∗ can be written as

J∗i = Wi + N−1/2φi

∫ r

0

eφi(r−s)N−1/2
Wi. (A5)

By using this result, it is straightforward to obtain the following weak limits as
T −→∞ for a fixed N

Q1 ⇒
∫ 1

0

J∗′J∗ =
N−1∑

i=1

∫ 1

0

J∗2i , (A6)

Q2 ⇒
∫ 1

0

J∗′dW =
N−1∑

i=1

∫ 1

0

J∗i dWi, (A7)
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Q3 ⇒
∫ 1

0

J∗′φJ∗ =
N−1∑

i=1

φi

∫ 1

0

J∗2i . (A8)

Now, since Wi is i.i.d. over the cross-section, (A5) implies that J∗i must be so
too. Thus, the limiting distributions of Q1, Q2 and Q3 passing T −→∞ is i.i.d.
over the cross-section. Another important implication of (A5) is that J∗i ⇒ Wi

as N −→ ∞ and that J∗i = Wi if φi = 0 for a fixed N . Hence, the limit of
J∗i passing N −→ ∞ is the same under both the null and the local alternative
hypothesis. This implies that the expected value of each element of the vector
(Q1, Q2)′ is equal to Θ. Furthermore, by using the results of Levin et al. (2002),
we infer that Σ must be block-diagonal.

To derive the limiting distributions of the test statistics, we shall make use of
the Delta method, which provides the limiting distribution for continuously dif-
ferentiable transformations of i.i.d. vector sequences. In so doing, we substitute
∆y∗it from (A3), which means that (A1) and (A2) can be rewritten as

TZρ = Q−1
1

(
Q2 −N−1/2Q3

)
, (A9)

Zt = Q
−1/2
1

(
Q2 −N−1/2Q3

)
. (A10)

These expressions may be expanded in the following fashion

TN1/2Zρ + µ−N1/2Θ2Θ−1
1 = µ + N1/2

(
N−1Q2 −Θ2

) (
N−1Q1

)−1

+ N1/2Θ2

((
N−1Q1

)−1 −Θ−1
1

)

− (
N−1Q1

)−1
N−1Q3, (A11)

Zt + µΘ1/2
1 −N1/2Θ2Θ

−1/2
1 = µΘ1/2

1 + N1/2
(
N−1Q2 −Θ2

) (
N−1Q1

)−1/2

+ N1/2Θ2

((
N−1Q1

)−1/2 −Θ−1/2
1

)

− (
N−1Q1

)−1/2
N−1Q3. (A12)

The terms appearing in (A11) and (A12) with normalizing order N−1 converge
in probability to the means of the corresponding random variables by virtue of
a law of large numbers as T −→ ∞ and then N −→ ∞. Hence, N−1Q1

p→ Θ1

and N−1Q2
p→ Θ2. In addition, by Corollary 1 of Phillips and Moon (1999),

we have N−1Q3
p→ µΘ1 as T −→ ∞ prior to N . Moreover, by the Lindberg-

Lévy central limit theorem, N1/2
(
N−1Q2 −Θ2

) ⇒ N(0, Σ22). The remaining
expressions involve continuously differentiable transformations of i.i.d. random
variables. Thus, by the Delta method, as T −→∞ prior to N

N1/2
((

N−1Q1

)−1 −Θ−1
1

)
⇒ N(0, Θ−4

1 Σ11), (A13)

N1/2
((

N−1Q1

)−1/2 −Θ−1/2
1

)
⇒ N(0, (1/4)Θ−3

1 Σ11). (A14)

Together, these results imply that the expressions appearing on the right hand
side of equations (A11) and (A12) are mean zero with variance Θ−4

1 Θ2
2Σ11 +

14



Θ−2
1 Σ22 and (1/4)Θ−3

1 Θ2
2Σ11 + Θ−1

1 Σ22, respectively. This establishes the re-
quired results. ¥
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Table 1: Asymptotic moments

Model Θ2Θ
−1
1 φ′Σφ Θ2Θ

−1/2
1 ϕ′Σϕ

1 0 2 0 1

2 −3 51/5 −
√

3/2 8/10

3 −15/2 2895/112 −
√

15/4 277/448

Notes: Model 1 refers to the regression without any deterministic

intercepts or trends, Model 2 refers to the regression with a fitted

intercept and Model 3 refers to the regression with fitted intercept

and trend terms.
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